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Q ■ Abstract 

CN ' This paper deals with the geometry of supermassive cosmic strings 

and its possible connection with the existence of closed timelike 
curves (CTCs), so as with inflationary expansion. The linear en- 
^ ! ergy density, Gfi, of supermassive strings becomes so large that 

I gravitational effects dominate, and therefore we have used an ap- 

O ■ proach that enforces the spacetime of these strings to also satisfy 

the symmetry of a cylindric gravitational topological defect, that 



(N 



■rj" , is a spacetime kink. In the simplest case of kink number unity the 



X 



entire energy range of supermassive strings becomes then quantized 
^ so that only cylindrical defects with = ^ (critical string) and 

^ ■ Gfi = I (extreme string) are allowed to occur in this range. It has 

bX)! been seen that the internal spherical coordinate 6 of the string also 

evolves on imaginary values, leading to the creation of a covering 
shell of broken phase that protect the core with trapped energy, 
even for Gfj. = |. Then, the conical singularity becomes a remov- 
able horizon singularity. We re-express the extreme string metric in 
the Finkelstein-McCollum standard form and remove the geodesic 
incompleteness by using the Kruskal technique. A z=const sec- 
tion of the resulting metric is the same as the ^ = f section of a 
De Sitter kink, though it requires additional coordinate regions to 
completely describe it. It is shown that through such new regions 
the extreme string spacetime can accommodate CTCs. We discuss 
two of such curves and conclude that quantum effects allow them 
to exist, though it is also seen by using path integral formalism that 
quantum theory prevents these CTCs to be noticed by any observer. 
Also discussed is the idea that the extreme string is the unique local 
string which is able to spontaneously drive inflationary expansion 
in its core, without any fine tuning of the initial conditions. 
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1 Introduction 



Topological defects consisting of confined regions of false vacuum, 
trapped inside bubbles of true vacuum, can occur in gauge theo- 
ries with spontaneous symmetry breaking [1] . Among such defects, 
cosmic strings arising in the breaking of a local U{1) gauge sym- 
metry are of particular interest [1,2]. If local strings appeared in 
phase transitions taking place in the early universe, they could have 
served as seeds for the formation of galaxies and other larger-scale 
structures we now arc able to observe [3]. Recently, the possibility 
that inflation can be driven in the core of topological defects has 
also been advanced [4,5]. In the case of local cosmic strings this 
extremely interesting possibility will critically depend [5] on the na- 
ture and strength of their gravity coupling Gfi, where /i is the string 
mass per unit length. It appears that only when the symmetry- 
breaking scale approaches the extreme supcrmassivc limit G/i = |, 
the size of the false vacuum region inside the string may exceed the 
horizon size that corresponds to the vacuum energy in the core and 
drives an inflationary process. 

This can be seen for static defect solutions in simple models 

Cosmic strings (N — 2) cannot exist for G/j, > 1 [6]. However, 
this fact is by no means meaning that inflation cannot be driven by 
local strings. Equalizing the core radius 6o = ri{7iVo)~2 , where Vq = 
^Xf]"^, and the horizon size corresponding to the vacuum energy Vq, 
Hq^ — ( s^GVb ^ ' obtains using ^ — rf value for the string 
mass per unit length /J'l — such that for /i > /ii inflation can 
be generated in the core. 

Nevertheless, the concepts of string radius and mass per unit 
length for a source like the string core are not unambiguously de- 
flned. The above expression for 5o, which corresponds to the radius 
of the string cylinder, and the usual deflnition [7] of /i. by which 
one simply integrates the uniform energy density of the string inte- 
rior over the proper volume of the core, become only unambiguous 
for a pefectly spherical string interior i.e. when 2G/i = 2G7]^ = 1. 
It would then be expected that as one separates from a perfect 
spherical string for Gfj, < |, the effective string radius would be- 
come somewhat smaller than that is predicted by Sq = ?7(7rVo)~^, 
so that inflation could be induced in the string core only when 
11 = lie = = values of n very close to /le- Unfor- 

tunalety, an extreme supermassive string with 2G//e = 1 does not 
seem to exist because it would correspond to a situation where all 
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the exterior broken phase is collapsed into the core, leaving a pure 
false-vacuum phase in which the picture of a cosmic string with a 
core region of trapped energy is lost [6-8] . This happens in all con- 
sidered string metrics, i.e. for the Hiscock-Gott metric [10,11] and 
for the Laguna-Garfinkle [8] and Ortiz [9] metrics, in all the cases 
the spacetime possessing an unwanted singularity which cannot be 
smoothed out. 

Strings for which 4G/x < 1 distort the underlying spacetime 
structure, but their own internal structure is not essentially mod- 
ified by the structure of the underlying spacetime [7]. For such 
strings, spacetime is somehow adapted to the topological defect 
imposed by the matter gauge fields, resulting in a conical geome- 
try, but this docs not backreact over the string structure. This is no 
longer the case, however, for supermassive strings [8,9], AG/j, > 1, 
where the strength of gravity coupling is so great and its nature such 
that one should expect the string structure itself to be substantially 
modified by the characteristics it induces in the underlaying space- 
time as well; that is to say, one should expect supermassive cosmic 
strings to be those stable topological defects which smoothly follow 
the structural pattern dictated by a gravitational kink, i.e. the pat- 
tern of an allowed gravitational topological defect which can move 
about spacetime but cannot be removed without cutting [12]. 

By enforcing the interior metric of the string to follow the space- 
time lightcone itinerary dictated by a cylindrically-symmetric grav- 
itational kink, we show in this paper that the picture of a cosmic 
string with a core region of trapped energy is still retained even 
at the extreme value 2Gii = 1, and that the unwanted conical sin- 
gularity becomes the apparent singularity (event horizon) of a De 
Sitter kink. This horizon singularity can now be removed by a suit- 
able Kruskal extension. The resulting extreme supermassive string 
is then able to drive an essentially unique, gravitational inflationary 
process, without any fine tuning of the initial conditions. Regard- 
ing the extreme supermassive strings as initial baby universes, this 
inflationary expansion of the string core can then lead to a unique 
stationary picture of eternally self-reproducing inflating universes 
[13]. It is also shown that the extreme supermassive string model 
can accommodate finite spacetime closed timelike curves [14] , with- 
out any imaginary mass states or causality violation [15]. 

The paper is outlined as follows. In section 1 we construct an 
explicit metric for the supermassive cosmic string kink, and discuss 
the constraints that the existence of the kink imposes on the inter- 
nal geometry of the string. As a result of the surface identifications 
arising from the constraints, the energy of the supermassive cosmic 
string becomes quantized so that it can only take on values AG/i — 1 
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and 2Gfi = 1. Wc then rc-cxpress the metric of the cosmic string 
kink in standard form and obtain an analytical expression for the 
relevant time parameter entering that metric in section 3, where 
a discussion on surface identifications in kink space is moreover 
included. The geodesic incompleteness of the standard metric is 
removed in section 4 by maximally-extending this metric using the 
Kruskal technique. In section 4 we also show that the geodesically 
complete metric of a 2G/x = 1 cosmic-string kink describes a given 
section of a kinky De Sitter spacetime which can only be repre- 
sented by using four different coordinate regions, while allowing the 
existence of an eternal inflationary process. Finally, we discuss the 
possibility for the existence of closed timelike curves in the above 
Kruskal spacetime first, in section 5, by explicitely determining the 
null-geodesic itinerary followed by two of such curves, and then, in 
section 6, by studying the quantum creation of particles induced by 
propagators along the null geodesies. It is concluded that although 
closed timelike curves are allowed to exist, no observer could ever 
notice their existence. Throughout the paper we use units so that 

2 The Cosmic String Kink 

The static, cylindrically symmetric internal metric of a straight 
cosmic string is [10,11] 

ds'^ ^ -dr^ + dp^ + dz'^ + rl sin— d(j)'^, (1) 

with — oo < T < oo, — oo < z < oo, < < 27r, < p < 
r* arccos(l — ^Gji), and 

= (87rG'e)-5, (2) 

where e is the uniform string density, out to some cylindrical radius 
Po- 

Both the interior metric (2.1) and the exterior metric, 

ds" = -dr" + dp'^ + dz'' + (1 - AGpfp'^dct>\ (3) 

define two surfaces at z =const, r =const, which can be simultane- 
ously visualized by embedding the metrics in an Euclidean three- 
space [11]. Then, the geometries of such surfaces are, respectively, 
that of a spherical cap (interior region) and that of a cone with 
deficit angle A = SirGp in the exterior vacuum region. 
The change of coordinate 

r = r* sin — (4) 
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shows more transparently the invariance of the hne element (2.1) 
under rotation about and traslation along z of the underlying 
cylindrical symmetry (i.e. under the two Killing vectors ^ = 
and C = dz [16]), but gives rise to a singularity at r = r*; that is 

ds^ = -dr^ + + dz" + r^dct>\ (5) 

Clearly, the divergence of (2.5) at r = must correspond to 
an apparent singularity and should therefore be removable by an 
appropriate coordinate transformation. A coordinate change which 
still transparently shows invariance under the Killing vectors and 
leads to no interior singularity is 

T . r T . r 

u — h arcsm — ,v — arcsm — . (6) 

In terms of coordinates u and v we obtain for the interior metric 

ds^ = -rldudv + dz^ + r^#^, (7) 

where ^ 

r = r*sin[-(w - f)]. (8) 

In any case, the exterior metric still keeps a conical singularity. 

The regular metric (2.7) would trivially describe the maximally 
extended interior region of a cosmic string when AGji < 1. The 
structure of the string core is then determined by the matter gauge 
theory (e.g the Abelian Higgs model of Nielsen and Olesen [17]) 
rather than gravity, and should only lodge the real energy from 
the unbroken gauge phase. Nevertheless, according to that was 
discussed in the Introduction, at scales where the gravity coupling 
is very large, iG/j, > 1 [8-11], the cosmic string should also satisfy 
the conservation law for topological defects which are described 
by relativistic metric twists, and hence the coordinate r entering 
metric (2.5) must vary along an extended interval in such a way 
that it allows metric (2.5) to also become a cylindrically-symmetric 
spacetime kink. In what follows we shall see that, at such scales, 
the maximally extended internal metric will also cover a given strip 
with the broken phase, surrounding the core of trapped real energy. 
These two internal phases are then separated by an event horizon 
at r = r*. 

The relationship between a possible cosmic string kink and the 
apparent singularity in metric (2.5) can be appreciated by consid- 
ering [18] a cylindrically-symmetric spacetime with manifest invari- 
ance under the action of the Killing vectors ^ and C of the form 

dsl = cos 2a{-df + dr^) - 2 sin 2adtdr + dz^ + r^#^ (9) 
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where a denotes the angle of tilt of the spacetime lightcones. We 
shall then ensure the presence of one kink (i.e. a gravitational topo- 
logical defect with kink number unity) by requiring a to monotonously 
vary between and tt, in such a way that a will either increase from 
to TT if this is the direction along which the time entering the rel- 
evant (explicitely showing the kink) metric increases, or decreases 
from TT to 0, otherwise. 

We note that (2.9) can be transformed into (2.5) if we set 

T 

sin a = — — , (10) 

22r* 

and change the time coordinate so that r = t + G{lj), where 

du ^ dr + F{r)dr, (11) 
with F(r) a given function of r. Denoting by G", it follows 

dt = dT{l - G') - G'F{r)dr. (12) 
Metric (2.5) can then be obtained from (2.9) if 

G"=l ^,A;i = ±l (13) 

cos 2 2a 

G"F(r) = tan 2q;. (14) 

Note that both F{r) and G' are singular at r = r*. This simply 
reflects the singular character of metric (2.5). 

Before discussing the above transformation, let us consider the 
limitations that the functional form (2.10) imposes on the very 
internal geometry of a supermassive cosmic string. Prom (2.4) and 
(2.10) it is obtained 

cos^ 9 = cos 2a, (15) 

where we have denoted 9 — —, and a monotonously varies between 
and TT. 

The question now is, how does 9 vary under variation of a be- 
tween and TT?. Prom (2.15) it follows that monotonous variation 
of a from to ^, and from ^ to tt induces monotonous variation 
of 9, respectively, from to | and from | to vr (or, likewise, from 
TT to I and from | to 0). Note that induced variations of 9 in the 
interval {tt,2tt) are also allowed but, since 9 appears in the metric in 
the form sin^ 9, these variations would lead to the same geometrical 
situations as from variations of 9 in the interval (0,7r). We obtain 
then that if a is allowed to run along its entire interval from to tt, 
and since the kink metric (2.9) depends on a only through the argu- 
ment 2a of the cos^ and sin, the two opposite poles of the resulting 
interior two-sphere at ^ = and 9 — tt should be identified. 
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Variation of a from | to ^ induces variation of 6 only along 

its imaginary axis, first from | to | + i\n(2^ ± 1) (at a = |), and 
then to ^ again. The choice of sign in the argument of the In at 
the extremum value of 9 corresponding to a = | should be made 
as follows. On the interval where 9 is complex, 9 — ^+i9i, we have 
(see Refs. [10,11]) 

Gf,^^+'-smh9, (16) 

r = ir^: coth6'i (17) 

Taking into account (2.17) it follows that the imaginary part of 
(2.16) corresponds to a real mass per unit imaginary length, or 
equivalently, a tachyonic mass per real unit length. Thus, once the 
critical mass G/i = | is reached, the interior of the string starts 
developing a new real region with maximum width (25 — l)r*, cov- 
ering the entire hemisphere, where the gauge symmetry is broken 
at the scale (p = ±77. Then, the symmetry rj —t] of the broken 
phase will imply an identification |-|-iln(22-|-l) — > |-|-iln(22— 1) 
on the extremum value of 9i that corresponds to o; = |. We can 
therefore choose complex 9 to vary first from | to | + i«;ln(2^ + 1) 
as a goes from ^ to |, and then from ^ + in ln(25 — 1) to | again 
as a goes from | to either for k = ±1 (Fig. 1). 

Now, the maximum value of the internal spherical coordinate 9, 
9m, is related to the string mass per unit length ji by [10,11] 

9 m = arccos(l — AGii). 

Then, in order to ensure the occurrence of one kink in the cosmic 
string interior, we must have 9m = tt and hence = |; or in 
other words, the gravitational coupling implies a quantization of 
supermassive cosmic strings so that only the critical hemispherical 
string at Gfj, = j (no kink present), and the extreme spherical 
string at G^ = \ (one kink present) are allowed to exist along the 
entire interval, f < ^ < vr, of possible classical supermassive cosmic 
strings. We regard this as a typical quantum-gravity effect. 

If we ensure the presence of a kink, then no string exterior (ex- 
cept the portion which is incorporated into the interior metric by 
the complex evolution of 9) is possible or needed [10,11], and the 
conical singularity becomes a removable horizon singularity on the 
core surface at r = r*, separating the two gauge phases that make 
up the extended string interior. Thus, all of the possible geometry 
of the extreme string can be regarded as describable by a spacetime 
which is x S*^, showing still the picture of a cosmic string with 
a spherical core region of trapped energy surrounded by a shell of 
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true vacuum protecting the string from dissolving in the unbroken 
symmetry phase. 



3 Lightcone Configurations 

The results of section 2 allow us to deal with the interior metric of an 
extreme supermassive cosmic string (hereafter denoted as "extreme 
string" ) in a similar fashion to as it is done in the cases of the black 
hole kink [18] or the De Sitter kink [19]. 

The interior of an extreme string has still a geodesic incomplete- 
ness at r = r*, and can only be described by using a number of 
different coordinate patches. The identification and distinction of 
such patches can be achieved by transforming (2.9) into the stan- 
dard metrical form proposed by Finkelstein and McCoUum [18], 
adapted to cylindric symmetry. To accomplish such a transforma- 
tion, it is convenient to introduce a new time coordinate, such that 

t^t + G{a) (1) 

cos 2a{l - G''^F^{r)) + 2 sm2aG'F„{r) =0, (2) 

where the new variable a and the new functionals Fcr{r) and G = 
G{a) are defined as follows 

da = dt + F^{r)dr 



G' = G{ay = ^. 

d(T 



We obtain then 



G''F^(r) = tan 2q; ^,fc2 = ±l, (3) 

cos 2a 

so that metric (2.9) becomes 

ds'' = -dp - ^^l^dtdr + dz^ + r''d(t>\ (4) 

cos 2 2a 

where ki is defined in (2.13). Metric (3.4) still is not the kink metric 
in standard form. This is obtained by making the re-definition 

~ dt . ki , , , V 

k\dt — k\ J = dt + (tan 2(3; )ar, (5) 

cos2 2q; cos2q! 

so that we finally obtain 

ds^ = - cos 2ad¥ - 2kik2dtdr + dz^ + r^dcj)^. (6) 

Since one can always write kiki — k — ±1, (3.6) becomes for- 
mally the same as the general line element in standard form given 
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by Finkelstein and McCoUum [18], after exchanging spherical for 
cyhndric symmetry. On the other hand, using (2.10) it can be 
readily seen that any ;2=const section of metric (3.6) is not but the 
^ = I (hemispherical) section of the standard De Sitter kink metric 
[19] for a positive cosmological constant A = 

However, the facts that the sign definitions given by parameters 
ki and k2 enter the formalism at different levels (Ref. Eqns (2.13) 
and (3.3)), and that the time parameter entering the standard met- 
ric for the De Sitter kink is defined in a similar fashion to as it is 
made in (3.1), rather than (3.5), leads to a sharp distinction be- 
tween the geometries of De Sitter kink and extreme string kink. In 
order to clearerly appreciate the nature of that distinction, let us 
calculate now i for the case t = where we enforce the system to lie 
on the r axis. This involves calculating the following two integrals 



^' = / 

Jo 



dr 



o/A COS 2 2a 

dr sin 2a 



o/A COS 2 2a 



where the lower limit O/A refers to the choices r = and r = A 
22r^,, depending on whether the case A;2 = +1 or the case k2 — - 
is being considered [19]. Taking 



, 1 1 , , r^, 1 



sina = — ,cosq; = /c2(l — — -^)2,cos2 2a — ki{l ^)2, (7) 

A Zr^ r^ 



we obtain 



and 



7i = -zr.ln[z- + fci(l--)2] j^/^ (8) 



A 2rl r1 ' 

From (3.8) and (3.9) it can be seen that it is not possible to ob- 
tain a unique, compact expression for the time parameter t. This 
fact distinguishes the extreme string kink from the De Sitter kink 
for which there is a well defined analytical definition of t [19]. The 
geometrical reason for this is that time parameter t actually corre- 
sponds to the case where a complete description of the geometry 
requires just the two patches associated with k2 — ±1, which is 
the case for the De Sitter kink but not for the extreme string kink. 
Because of the presence of factor cos~2 2a in the expression for 
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G' in (2.13), each of the two coordinate patches associated with 
^2 = ±1 itself must unfold in the two different sets of coordinate 
regions that correspond to the new sign ambiguity ki = ±1. That 
unfolding can only be accounted for by the new time parameter 
i entering the standard metric (3.6) which, according to the sign 
definition introduced for k2 in (3.5), will correspond to a physical 
time t running either forwards when ki = +1, and backwards when 
ki — —1. One should then expect a unique, compact analytical 
expression governing all coordinate domains only for time i. By 
directly integrating (3.5) between the same limits as in (3.8) and 
(3.9) we in fact finally obtain [20] 



~ ~ rr ^ A r"^ 1 

t = t{ki, k2) = dt = kit- r*/ci/c2{ — (1 - 77^) ^ 
Jo/A r* 2rf 



2 ''\A{l-£,)^^-n){n + rf' 

Note that all sign ambiguity arising from the square root in the 
argument of the In has been omitted in Eqn. (3.10). Such an am- 
biguity does not affect the discussion to follow as it only manifests 
as an additive constant term which leaves metric (3.6) unchanged. 
This ambiguity will be of decisive importance however for the con- 
sideration of the thermal properties of the extreme string which we 
shall deal with in section 6. 

The fact that ior t — both ki and k2 enter (3.6) and (3.10) 
at exactly the same footing, so that all distinction between the 
coordinate domains that arise from different values of ki disap- 
pears to leave just two different coordinate patches corresponding 
to k — kik^ = ±1, is just an artifact coming from still keeping the 
removable geodesic incompleteness in metric (3.6). It will be seen 
in the next section that even for t = the sign parameters ki and 
k2 actually enter the coordinates defining the maximally-extended 
metric at different footings. Therefore, although a may only vary 
within the interval (0,7r), there really are four distinguishable sets 
of coordinate regions that correspond to the distinct combinations 
of A;2 = ±1 with fci = ±1. In the general case t 7^ the coordi- 
nate regions can even be distinguished without removing the event 
singularity. 

In the De Sitter space, where the geometry of a i=const, r— 
const section is just a two-sphere, the spherical symmetry is mani- 
fested in the presence of a kink by just identifying the equators of 
the two hemispheres that, respectively, correspond to the two kink 
coordinate patches, but the poles of these hemispheres can never 
be identified [18,19]. In contrast, the real geometry of a t=const. 
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z^const section of extreme string kink is that of two real hemi- 
spheres whose mutual matching at their equators lies on the ex- 
tremum imaginary values of the spherical coordinate 9, ln(22 + 1) — > 
ln(22 - 1). The imaginary values of 6 are mapped onto real values 
of a in the kink, giving rise to an equator identification at r = ^4, 
provided the resulting values of a are either always increasing from 
to TT (i.e. when ki = +1) as one goes along the two coordinate 
regions being joined from r = to r = 0, or always decreasing from 
TT to (i.e. when ki — —1) along the two entire joined coordinate 
patches. Thus, only the two equal-Zci one-kink hghtcone configura- 
tions (each involving two of such coordinate patches) given in Fig. 
2 are in principle possible. 

Nevertheless, the fact that we have obtained just a unique, com- 
pact expression for the time parameter t should imply the existence 
of just a unique one-kink lightcone configuration involving all the 
four sets of coordinate regions k2 = ki = +1, ^2 = ki = — 1, 
k2 = —ki = +1 and k2 = —ki = —1. Therefore, at least one of 
the poles at r = in one of the configurations of Fig. 2 ought 
to be identified to the pole having the same a and (in order to 
ensure the interval for a to be (0,7r)) different /ci at r = in the 
other configuration. Inspection of Eqns. (2.13), (2.15) and (3.8) 
tells us that, in fact, the two poles in one of the two configurations 
should be identified in this way to the corresponding two poles in 
the other configuration. These identifications actually correspond 
by the mapping ^ =^ a to the identifications made in section 2 on 
the extreme values of real 6. As it was expected, there is thus a 
unique one-kink closed configuration involving all four sets of coor- 
dinate regions described by the physical original regions /^^^, //^^ 
in Fig. 2. A rather pictorial representation of such a unique light- 
cone configuration is given in Fig. 3. One can readily be convinced 
of the existence of this configuration by proving that if, along a 
null-geodesic itinerary, the above identifications are made then, by 
starting at e.g. t — on a given surface (p =const, z^const, r = ro, 
t — to, we finally recover the same point (ro,to), also at t = 0, af- 
ter completing the entire null-geodesic itinerary along the lightcone 
configuration of Fig. 3. We have checked by explicit calculation 
that this is actually the case. Insisting on the restriction of keeping 
t — along a closed path requires equalizing points {r,i) on pole 
identifications, while changing the sign of i on equator identifica- 
tions. 
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4 Kruskal Extension of Extreme String Metric 



The distinction between sign parameters ki and /c2 should manifest 
in the fact that ki must only be involved in the definition of time 
t, and k2 should appear in the definition of both time i and radial 
coordinate r as well. As already noted before, that distinction 
could only be shown, even at t = 0, when the apparent singularity 
at r = r* is removed. 

This geodesic incompleteness, which occurs in each of the four 
sets of coordinate regions described by metric (3.6), can be removed 
by the usual Kruskal technique [21]. Thus, we define the metric 

ds^ = -2F{U, V)dUdV + dz'^ + r2#^ (1) 

in this way straightening the null geodesies into lines parallel to the 
new U and V axis, and identify it with the standard metric (3.6), 
with Qii = — cos 2a, g^^. = —kik2 and guv = ~F, in such a way 
that ki and k2 be kept consistently distinguished and F be finite, 
nonzero and depend on r and /c2 alone. All of these requirements 
can be met by the choice 

U^^e^^-'eMm2 (2) 
Jo/ A cos 2a 

V = T^e-P^-i (3) 
r*cos2Q; . _ „, r dr 

F — 



eM-m2 -^), (4) 
Jo/ A cos2q; 



2/5 io/ACOs2Q;' 

with P a constant which should be chosen so that F has a finite 
limit as r — > r*. 



Using [19] 



Jo/A COS 2a 2 — r 
cos2q; = 1 -, 

n 

we obtain from (4.4) 

2pn ^ r2 - r2 J 

To avoid F being either or oo at r = r*, we then choose 
(3 — —-j^-i and arrive therefore at 

F^-\k2{r, + rf (5) 
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V^±k2e^, (7) 

so that 

UV^-h^^^^. (8) 
In terms of the coordinate product (4.8) we have finally 



{k2 - UVf 
k^ + UV 



~ , , , r/ 4:k2UV ,1 

t — kit — kik2r^{{l — 



2' 



{k2 - UV) 

1 n + (1 - ^t2UV)h)k2UV 
+ W . ..^^rL\l ]}• (11) 



The metric (4.1) becomes then 



We notice that the 2;=const sections of this metric actually co- 
incide with that is obtained for a hemispherical section (^^ = |) of 
the De Sitter kink [19], the sole though essential difference being 
that for each value of k2 there are here two different values of time 
t and kit, corresponding to ki — ±1, at every value of r and t. In 
Fig. 4 we give a representation in terms of coordinate U, V of the 
four different sets of coordinate regions that occur in the one-kink 
geodesically-complete extreme string spacetime. 

The maximally-extended extreme string metric (4.12) does not 
possess any singularity and covers all the space of a extreme string, 
including both an unbroken-phase interior of radius and a broken- 
phase covering shell of width (22 — l)r*, which has been converted 
into an unbroken phase containing a vanishing overall real energy 
by the mapping 9 ^ a (see section 6). The first of these facts is in 
sharp contrast with the unavoidability of an unwellcome singularity 
found by other authors for supermassive cosmic strings [8,9]. The 
fact that (4.12) also describes an exterior shell that protects the 
spherical core from dissolving is, in turn, in contrast with the trivial 
maximal extension (2.7) of the interior metric of cosmic strings 
whose mass per unit length is smaller than the critical value G/ic — 
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J. In the latter case, the topological defect need not developing a 
broken-phase shell to protect itself against dissolving, as it is always 
immersed in the broken-phase with conical geometry. 

On the other hand, the finding of an extreme string kink met- 
ric which on each z=const section exactly possesses the symmetry 
of a hemispherical section of the De Sitter kink, may have two 
consequences of interest. First, since the size of the false vacuum 
region inside the extreme string appears to exceed the size of its 
corresponding horizon, the above symmetry makes it consistent to 
consider the emergence of a unique De Sitter inflationary process 
[22], without any fine tuning of the initial conditions. Secondly, it 
will allow continuous changes of topology from that of a two-sphere 
into that of two hemispheres joined at their poles, and vice versa 
[23]. This may ultimately lead to the possibihty for closed time- 
like curves to occur throughout the maximally-extended spacetime 
of an extreme string. Moreover, if we interpret spherical extreme 
strings as incipient baby universes, then the first of these implica- 
tions leads, in turn, to quite confortably accommodate the concept 
of an eternal process of continually self-reproducing inflating uni- 
verses [4,13] into the present picture. The resulting model would, 
furthermore, be implemented by the existence of a unique "genetic" 
hallmark which can be expressed by the condition 2G/i = 207]^ = 1. 
For any other value of fi the topological defect would not succeed 
in producing an observable universe. 

5 Closed Timelike Curves in an Extreme String 

Closed timelike curves (CTCs) in general relativity were already 
discussed by Gdel, back in 1949 [24]. Such curves appeared in 
solutions which were shown to require unphysical stress tensors 
[25]. The subject has recently been revived in two different con- 
texts. The flrst involved tunnelling Lorcntzian wormholes [26], and 
possesses two essential drawbacks: the used wormholes correspond 
to no vacuum solution of Einstein equations, and moreover, they 
require violation of the weak energy condition [26,27]. The sec- 
ond recent attempt involves solutions to Einstein equations for two 
rapidly moving, inflnite parallel cosmic strings [28], and has also 
met serious difficulties. In this case, the CTCs can only appear 
at spatial inflnity and, more importantly, correspond to spacetimes 
with imaginary total mass [29]. In what follows of the present sec- 
tion and in section 6, we shall discuss the possible existence of CTCs 
in the spacetime of a single extreme string and address the problem 
of their quantum characteristics. 
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It has already been mentioned that a single extreme string kink 
may accommodate CTCs. In fact, inspection of Fig. 3 might al- 
ready suggest that null geodesies could be CTCs that somehow 
loop back through the new regions (i.e. regions III^^ and IV^^ 
on Fig.4), created by the extension process with coordinates U, 
V, in addition to the original regions (i.e. regions I^'^ and II^'J. 
However, before showing in more detail how the CTCs arise in the 
maximally-extended spacetime of a extreme string kink, one should 
extend the surface identifications discussed for metric (3.6) into the 
Kruskal language. 

Clearly, to the conditions imposed for metric (3.6) (i.e. that 
the values of r and t have to be the same on each pair of identi- 
fied points, and that whereas the value of parameter ki should be 
preserved on equator identifications and change on pole identifica- 
tions, the value of parameter k2 must change on all identifications) 
wc must now add the two new conditions: (1) Surfaces on original 
regions can only be identified to surfaces on original regions, and 
(2) exactly the same conditions that are applied for identifying sur- 
faces on original regions should also be applied to identify surfaces 
on the new regions which are created by the Kruskal extension (see 
Ref. [18]). The application of these conditions leaves us with the 
following identifications on the extreme-string Kruskal metric: 
On the original regions of Fig. 4 

• Upper hyperbola {K2 — ki — +1)= Lower hyperbola {k2 — 
-ki = -1) 

• Upper hyperbola {K2 = —k\ = +1)= Lower hyperbola {k2 = 
ki = -1) 

• Right hyperbola {K2 — ki — +1)= Right hyperbola {k2 — 

ki = -1) 

• Right hyperbola {K2 — —ki — +1)= Right hyperbola (/c2 = 
-k, = -1) 

On the new regions of Fig. 4 

• Upper hyperbola {K2 — —ki — —1)= Lower hyperbola {k2 — 
ki = +1) 

• Upper hyperbola {K2 — ki — —1)= Lower hyperbola (/c2 = 

-h = +1) 

• Left hyperbola {K2 = ki = +1)= Left hyperbola {k2 — ki — 
-1) 

• Left hvperbola {K2 — —ki — +1)= Left hyperbola {k2 — 

-h = -1) ■ 

All other identifications being forbidden if we want to have one 
kink, with a continuously varying along the entire interval < a < 
TT, in both directions. In particular, the above identifications forbid 
the occurrence of any CTCs that follow curved itineraries which are 
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enforced to lie on the r axis at t — 0, both in the original and new 
regions (see Fig. 4). 

The addition of the new regions, created in the maximal, non- 
singular extension [21] of the one-kink extreme string, leads to the 
occurrence of two distinct one-kink lightcone configurations which 
respectively associate with two different CTCs for geodesies which 
start at time t = 0, evolve along nonzero values of t through both, 
original and new regions, to finally loop unavoidably back to t = 
again, at the same original value of r. These evolutions have been 
checked by explicit calculation of the physical time t in all the sit- 
uations where either r = or r = 22r* by taking into account the 
fact that geodesic paths parallel to the U axis preserve the value 
of the time parameter i unchanged, but the value of i will evolve 
according to 

t{xi) = t{xj) + /cifear.ln ; ) '''' ^-^], 1) 

{r^ + r{xi)){r^ -r{xj)) 

with Xi and Xj two points on the trajectory, along geodesic paths 
which are parallel to the V axis. The value of the physical time t at 
each chosen value of r (r = and r = 22r*) was finally evaluated 
by the relation 

t = /ci(t-to), (2) 

where to is the value of t at t = calculated by using (4.11) (or 
(3.10)). 

The straight paths of the two null geodesies are represented on 
the coordinate regions given in Fig. 4 by a solid line for the CTC 
that starts at r = on the original region (a point we denote 
as Norths), and by a broken line for the CTC that starts at r = 
on the original region 7+ (a point we denote as Norths). These 
geodesic itineraries are also pictorially illustrated on Fig. 5, where 
we show how along the CTCs a spacetime geometry which initially 
is e.g. typically spherical evolves forth and back continuously into 
the geometry of two hemispheres joined at their poles, to finally 
loop back to the spherical geometry again. Also shown is Fig. 5 is 
the evolution of the directions of lightcones on the hypersurfaces. 
Finally, the itineraries and evolution of lightcone orientations are 
represented on a r-t diagram for the two CTCs in Fig. 6. 

However, each of the CTCs crosses twice horizons ai V — 
(i.e. the U axes in Fig. 4). At the crossing points, both t and 
the physical time t become either ±oo. It could seem therefore 
that these sectors of the curves appear at time infinity, and hence 
our CTCs become suspect of meetting difficulties analogous to the 
spatial infinity of the Gott's double-string device [28]. Nevertheless, 
the fact that the energy of extreme string becomes in the present 
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approach quantized to a value given by {2G)~^ and, at the same 
time, the two-sphere radius for metric (4.12) is R = 22r^ and the 
volume of the cylinder circunscribed to the two-sphere is given by 

implies that r* = G^. Then, since no string with energy larger 
than (26*) ~ 2 may exist and real energy has been assumed to be 
uniformly distributed throughout the string interior, it follows that 
no localized spacetime region with size smaller than (2(^)2 can be 
resolved inside the two-sphere. Therefore, only pairs of points such 
as r = and r = 22r*, separated a distance (2G)2, can physically 
be considered simultaneously along the CTCs. 

Once points at r = and r = 22r* have been fixed on their 
respective hyperbolae, there will be no way to obtain any physical 
information about any particular trajectory joining such points. 
Thus, the ascending and descending straight sohd hues of Fig. 6 do 
not represent real physical paths, but only directions of the quantum 
jumps between the fixed points on the extreme hyperbolae. These 
quantum transitions are only expressible as propagators given by 
integrals over all possible paths joining each pair of points on the 
hyperbolae. In a small neighbourhood olV — Q, these paths would 
correspond to classical trajectories defined in the limit — > 0, 
where for real U and V we have 

I V h lim e^^^ 

SO that the paths may cross the horizons V — Q ak, any finite values 
of the physical time t. 

The essential quantum nature of the spacetime of the extreme 
string makes thus possible the existence of quantum transitions 
between points of extreme hyperbolae on the original regions and 
points of extreme hyperbolae on the new Kruskal regions, and hence 
allow the occurrence of CTCs. These regions are always mutually 
separated by a y = horizon on which quantum theory allows the 
physical time to still keep any finite value. 

According to the above results it appears that CTCs associated 
with extreme strings are possible and do not show any of the clas- 
sical drawbacks that are present in the models mentioned at the 
beginning of this section. The viability and causality implications 
of these curves in a more complete quantum treatment will be dis- 
cussed in the next section. 
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6 The Quantum Extreme String 



The procedure followed in section 2 in order to make topological 
defects in gauge theories compatible with gravitational topological 
defects (kinks) actually led to quantization of the energy of super- 
massive cosmic strings. Basically, this quantization arose from the 
specific identifications of surfaces on the generally complex interior 
spherical coordinate 6 that result from introducing one spacetime 
kink. Two such identifications were made. Identification of the sur- 
faces corresponding to the two extreme values of real 9 implied that 
only the energies associated with the critical and extreme strings 
were allowed along the entire range of supermassive strings. Iden- 
tifications of the surfaces with maximum and minimum values of 
imaginary 6 at real ^ = f did not provide however the string with 
any observable, real energy, but only with a quantized exterior (true 
vacuum) shell with the tachyonic energy. 

It would be expected that once mapped onto the kink variable a, 
where even the evolution on imaginary 6 becomes evolution on real 
a (Fig. 1), the true- vacuum tachyonic energy be converted into real 
energy. Because of the symmetry 77 —77 of the original broken 
phase, there will be equal contributions to this energy, from its 
positive and negative components. However, although the overall 
energy of the string, (2G)~2, is thus always conserved, the energy 
emerging from the symmetry restoration in the mapping 9 ^ a can 
still be stored in the different new "unphysical" (inobservable) re- 
gions [30] , created in the distinct coordinate patches of the Kruskal 
maximal extension, in such a way that if all of its positive compo- 
nent goes to one of such new regions for k2ki = ±1, then all of its 
negative component goes to the same region for A;2^i = TIj or to a 
different new region for k2ki = ±1. On the coordinate patches of 
Fig 4, these would be, respectively, either regions II and IV^, 
or regions IV^ and 1 11^. For our present purposes, it will suffice 
dealing with the storage of this energy in regions /// only. The 
treatment for regions IV is completely parallel. 

It appears that each of these energy components could only 
emerge as an observable quantity in the corresponding original ex- 
terior or interior region, 11^ or 11^, if some hypersurfaces in 1 11^ 
and 1 11^ are consistently identified with some hypersurface in 11^ 
and 11^, respectively. By a consistent identification we mean here 
that identification which is predicted by the geometry itself, not 
one which is introduced artificially {ad hoc), or by distorting the 
physical Lorentzian time t to the Euclidean imaginary region [31]. 
On the other hand, since regions Illj^^ are essentially inobservable 
[30], any manifestation of this energy distribution in regions 11^'^ 
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should be in the form of a completely incoherent radiation which 
brought no information whatsoever about regions In what 

follows we shall show that such consistent identifications actually 
exist for the coordinate regions given in Fig. 4. We will also see 
that they give rise to a full protection against causality violation 
along the complete paths of the CTCs discussed in section 5. 

The identification required between surfaces in III^^ and 11^^ 
(or between surfaces in IV^^ and ij^^) will simply come from ex- 
plicitely displaying the sign ambiguity of the square root of the 
argument for the In in Eqn. (3.10). Thus, if we want to express 
that argument as an absolute value then one has as the most general 
expression for metrical time 
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t{k3) = t{ki, k2, ks) = dt = kit- nkik2{ — {l - r-^) ^ 

Jo/A. Tifi 



(Ail - +rj(r, -r) , ^ 

+ -kik2k3{l - kzjnr^, (1) 

where t = t{ki, /C2) is the same as in (3.10), and k^ = ±1 is a new 
sign parameter which unfolds the coordinate regions given in Fig. 
4 into still two sets of four patches. Time (6.1) is the most general 
expression for the time t entering the standard metric (3.6). One 
would again recover metric (3.6) from metric (4.1) with the same 
requirements as in section 4 using ^(/cs) instead of i if we re-define 
the Kruskal coordinates U, V such that 

V^^k2k3e^^, (3) 

where 

ic = i+ ikik2k3'nr^. (4) 

This choice leaves expressions (4.8), (4.9), (4.10) and, of course, the 
Kruskal metric (4.12) real and unchanged. 

For k^, — —1, (6.2) and (6.3) become the sign-reversed to (4.6) 
and (4.7); i.e. the points {i — ikik2'Kr^,r, z,(l)) on the coordinate 
patches of Fig. 4 are the points on the new region 1 1 Ik',, on the same 
figure, obtained by refiecting in the origins of the respective U,V 
planes, while keeping metric (4.12) and the physical time t real and 
unchanged. This is precisely the identification we required to make 
the broken-phase tachyonic energy (which was first quantized by 
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identification of the extreme imaginary values of 6, and then stored 
in regions II ij^^ by mapping 9 ^ a and Kruskal extension) appear 
in the original regions 11^^ as an observable real quantity. That 
this energy should appear in Ilj^^ as a thermal bath of completely 
incohent radiation is now easy to see if one invokes the general 
relation between metric periodicity and gravitational temperature 
[31,32]. 

This approach has, however, always seemed rather mysterious 
as it gives no explanation to the use of the Euclidean version of 
spacetime [33]. In our model periodicity in the metric results, nev- 
ertheless, from a perfectly justifiable requirement for mathematical 
completeness, rather than a suggestive though not very convincing 
procedure, and entails no unjustified extension of the physical time 
t into the imaginary axis. Our approach offers therefore a physi- 
cally reasonable resolution of the paradox posed by the Euclidean 
gravity method, and provides the concept of gravitational temper- 
ature with a new physical background - the relation between event 
horizons and spontaneous symmetry breaking, discussed in this pa- 
per. 

As it was concluded in section 5, the evolution of a field along 
any null geodesies in Fig. 4 should be described by a quantum prop- 
agator, rather than a classical path. If the field has mass m, such 
a propagator will be the same as the propagator G{x',x) used by 
Gibbons and Hawking [34] , and satisfy therefore the Klein-Gordon 
equation 

(□^ - m^)G{x', x) = -6{x, x'). (5) 

For metric (4.12), the propagator G{x',x) becomes analytic [34] on 
precisely the strip of width vrr* predicted by (6.4), here without any 
need to extend t to the Euclidean regime. Then, the amplitude for 
detection of a detector [34] sensitive to particles of a certain energy 
E, in regions 11^"^, would be proportional to 

dt,e-'^'^G{Q,R'-t,,R), (6) 

— * — # 

where R' and R denote respectively {r',z',(j)') and {r,z,(f)). Note 
that the time parameter entering the amplitude for detection should 
be ic, rather than t, as both the matter field and the detector must 
evolve in the spacetime described by metrics (3.6) and (4.12). Since 
time tc (but not t) already contains the imaginary term which is 
exactly required for the thermal effect to appear, we have not need 
to make the physical time t complex. From (6.4) and (6.6), we can 
generally write 

die-'^*G{Q, R'- i + ikikihnr^, R). (7) 

-oo 
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Following Gibbons and Hawking [34], we now investigate the dif- 
ferent particle creation processes that can take place on the extreme 
hyperbolae at r = and r = 22, along the quantum itineraries of 
the CTCs discussed in section 5. Let us first consider the case 

— —1 for the original regions 11^'^ on the patches of Fig. 4. For 
ki = k2 = +1, if x' is a fixed point on the hyperbola at r = of 
region I^, and x is a point on the hyperbola at r = 22r* of region 
11^, we obtain from (6.7) 

p1'^{E) = e-''^'-'^p/'+(£;), (8) 
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where Pa ''^ (E) generically denotes the probability for detector to 
absorb a particle with positive energy E from region 11^', and 
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Pe ^ (E) accounts for the similar probability for detector to emit 
the same energy also to region Ilj^f. 

An observer on the extreme hyperbola of the exterior original 
region of patch k2 — ki — +1 will then measure an isotropic back- 
ground of thermal positive-energy radiation at a temperature 

If. in turn, x' and x are fixed points on the extreme hyperbolae 
in regions and respectively, we obtain then for an observer 
on the hyperbola r = in the interior original region 

Pa^{-E) = e^^'-^^Pi'^i-E). (10) 

According to (6.10), there will appear an isotropic background of 
thermal radiation which is formed by exactly the antiparticles to 
the particles contained in the thermal bath detected in region 
at the same temperature given by (6.9). The same probability 
relation as (6.10) is also obtained for the exterior physical region 
//jr. Therefore, observers on the extreme hyperbola at r = 22r* 
in that region will also detect a thermal bath of particles with en- 
ergy £^ < 0, at temperature (6.9). Finally, for the point x on the 
extreme hyperbola of the interior original region //Z, we derive an 
expression as (6.8), also for E > and hence an interpretation 
for thermal properties as for region //^. Had we similarly identi- 
fied extreme hypersurfaces of regions / and IV , and then carried 
out the parallel treatment for propagators G{x',x), the energy E 
from 6 ^ a symmetry restoration stored at regions IV would have 
emerged as incoherent radiation with particles of negative energy 
in regions /^ and /Z, and with particles with positive energy in 
regions 1 7 and /l. Thus, the overall balance of the energy being 
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created in the original regions would be exactly zero, with no cor- 
relation (information) whatsoever being exchanged between any of 
the different regions involved in the process. We note that, since 
r^ — G^, the temperature (6.9) becomes (27rG2)-^, i.e. close to the 
Planck scale. Therefore, the emitted radiation is in all the cases 
formed by a single particle with nearly ± the Planck energy, which 
is uncorrelated to the region it comes from. 

For = +1 we obtain similar hypersurface identifications as 
for fca — —1. In this case, the identification comes about in the 
situation resulting from simply exchanging the mutual positions of 
the original regions I^^ and 11^^ for, respectively, the new regions 
1 11^^ and IV^^^, on the coordinate patches given in Fig. 4, while 
keeping the sign of coordinates U, V unchanged with respect to 
those in (4.6) and (4.7); i.e. the points {i + ikik27Trt,, r, z, (p) on the 
so-modified regions are the points on the original regions Ilj^^, on 
the same patches, again obtained by reflecting in the origins of the 
respective U,V planes, while keeping metric (4.12) and the physical 
time t real and unchanged. 

In the so generated new set of coordinate patches one can now 
distinguish a new couple of CTCs, respectively starting at the poles 
South^ of the new regions. These additional CTCs would exactly 
follow the same itineraries as the CTCs considered in section 5 (see 
Fig. 4), but now looping back through original physical regions, to 
finally end at their respective starting points on the new regions. 

Expressions for the relation between probabilities of absorption 
and emission for k^ = +1 are obtained by simply replacing regions 
//^^ for regions III^^ (or regions /^^^ for regions IV^^^), and energy E 
for — in (6.8) and (6.10), keeping the same radiation temperature 
(6.9) in all the cases. Thus, we obtain that observers on the extreme 
hyperbolae will detect an isotropic thermal bath of particles with 
energy: (i) E < in the exterior new region and in the 

interior new region IIIZ, and (ii) E > in the interior new region 
III^ and in the exterior new region I III, with the particle energies 
being sign-reversed to these for radiation in the corresponding new 
regions IV^;", in all the cases at an equilibrium temperature (6.9). 
Thus, the overall energy created in the new regions also vanishes. 

Combining all the above results it follows that there exists a 
close connection between the CTCs and the thermal processes in- 
duced by the presence of the event horizon of an extreme string. 
Along the entire CTC itinerary starting at North^, all the possible 
observers on the extreme hyperbolae of extrior and interior (origi- 
nal and new) regions would always detect the CTC by the presence 
of a totally incoherent radiation with positive energy at the Planck 
temperature. No information whatsoever could therefore be trans- 
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ferred from the CTC to such observers, or vice versa, so spacetime 
causaUty could never be violated. The situation for the second of 
the CTCs considered in section 5 is essentially the same, the only 
difference being that the CTC starting at North- is always man- 
ifested by a thermal radiation with negative Planck energy. For 
CTCs starting at new regions one basically achieves identical con- 
clusions, with the CTC starting at South*^ giving always rise to a 
thermal bath with negative Planck energy, and the CTC starting at 
Souths giving always rise to a thermal bath with positive Planck 
energy, both at equilibrium temperature (6.9) as well. 

If no inflationary expansion occurred, temperature (6.9) and 
radiated particle energy would always reach a value close to the 
Planck scale. One would however expect the inflationary process 
discussed in section 4 to take unavoidably place as soon as an ex- 
treme string is formed. In this case, CTCs would be associated to 
thermal processes quite less energetic. 

In summary, the treatment carried out in the present section 
seems to indicate that there is no quantum obstruction preventing 
the existence of CTCs in possible cosmological models based on 
minimally inflating extreme strings, in this sense contradicting the 
Hawking's chronology protection conjecture [35]. What the present 
model really prevents is the possibility that any physically realistic 
observer may get any experimental direct proof about the existence 
of such curves. Or, re-paraphrasing Stephen Hawking [35], there 
could perfectly be hords of tourists visiting us from the future, but 
neither they nor we could know anything about their trip. For them 
it would be a touring which costs a lot and rewards nothing. 
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Legends for Figures. 



• Fig. 1. Identifications (o) on the orientable, complex spherical 
structure of an extreme string, and mapping from that structure 
into that of the corresponding one-kink. These identifications and 
mapping lead to quantization of supermassive cosmic strings. 

• Fig. 2. Separate one- kink lightcone configurations for the extreme 
string. Also represented are some geodesies passing through the 
different regions ij^^ and II ■ 

• Fig. 3. Pictorial representation of the one-kink lightcone config- 
uration connecting all the four possible spacetime regions ij^'^ and 
III^'^ of the extreme string. 

• Fig. 4. The different coordinate regions of the one-kink ex- 
tended extreme string metric. In the figure, A = 22r*, ia = 
— r*(22 -I- ln(22 — 1)), and ip — ln(22 — 1). Each point on the di- 
agrams represents an infinite cylinder. The null geodesies starting 
at North^ (solid line) and at Norths (broken line) are two CTCs. 
The solid curved lines at t = do not correspond to CTCs. 

• Fig. 5. Directions of the lightcones along the CTC itineraries 
starting at (a) Northj^ and (b) North-, showing the continuous 
change of spherical symmetry into the symmetry of two hemispheres 
joined at their poles. 

• Fig. r — t diagrams for the two CTCs, starting at (a) North+ 
and (b) Norths. The directions of the lightcones given in Fig. 4 
are also represented. The transitions between hyperbolae on r = 
and r = 22r*, diagramatically shown in the figure as straight lines, 
actually represent the set of all admissible quantum paths between 
X and x', at either of such hyperbolae, for the path integral that 
gives the propagator G{x,x') [31,34] (see section 6). 
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